We suggest to use for XY 2 molecules some results previously established in a series of articles for vibrational modes and electronic states with an E symmetry type. We first summarize the formalism for the standard u(2) ⊃ su(2) ⊃ so (2) chain which, for its most part, can be kept for the study of both stretching and bending modes of XY 2 molecules. Next the also standard chain u(3) ⊃ u(2) ⊃ su(2) ⊃ so(2) which is necessary, within the considered approach, is introduced for the stretching modes. All operators acting within the irreducible representation (irrep) [N 00] ≡ [N0] of u(3) are built and their matrix elements computed within the standard basis. All stretch-bend interaction operators taking into account the polyad structure associated with a resonance ω 1 ≈ ω 3 ≈ 2 ω 2 are obtained. As an illustration, an application to the D 2 S molecular system is considered, especially the symmetrization in C 2v . It is shown that our unitary formalism allows to reproduce in an extremely satisfactory way all the experimental data up to the dissociation limit.
Introduction
The hydrogen sulfide molecule and its isotopic species are of interest for terrestrial atmospheric pollutant measurements. As this gas is more heavy than air, it remains concentrated to the floor level and can be lethal at high concentration. Global warming process has increased the number of studies devoted to the chemical and physical
properties of H 2 S and isotopic species [1, 2, 3] . These molecules have also been observed in planet atmospheres like Jupiter [4] or Venus [5] and appear in the analysis of the interstellar medium [6, 7, 8] .
Many papers, devoted to the analysis of the rovibrational spectra of D 2 S, have been published during the last thirty years : anharmonicity corrections to observed fundamental frequencies of vibration in [9] , various molecular structures cent analysis of H 2 S molecule and isotopes, the reader is invited to examine the references given in [1, 19, 20] .
In this paper, we use and adapt formalisms that we developed previously. Some of them dealt with unitary algebras applied in molecular spectroscopy [21, 22] , pure algebraic studies [23] or works concerning algebraic chains which may be adapted to XY 2 systems [24, 25, 26] .
In the theoretical part we use the properties of two algebraic chains, u(2) ⊃ su(2) ⊃ so(2) and u(3) ⊃ u(2) ⊃ su(2) ⊃ so (2) , to analyze the bending and stretching vibrational modes of bent XY 2 systems. Basis states and operators oriented in these chains are built and the matrix elements of the oriented operators are given. Next symmetrization of these tensors in C 2v allows to build Hamiltonian and tensor operators adapted to the C 2v molecular point group. A method to select, in the u(3) ⊗ u(2) dynamical algebra, all relevant operators for a given polyad structure is proposed and applied to the case of a 2:1 resonance.
As an illustration, in the last section our approach is tested upon the D 2 S molecule. The experimental data are reproduced with a standard deviation close to 0.5 cm −1 and the calculated dissociation energy is found close to the experimental one.
Theoretical frame

The standard u(2) ⊃ su(2) ⊃ so(2) chain
We consider first physical systems under the assumption that they can be described from two boson creation and annihilation operators denoted b 
We note that these states may be taken as those of a two dimensional oscillator (within a usual approach) or as those of two one dimensional oscillators. They will also be associated with the dynamical states for a one dimensional oscillator.
Tensor operators are built from the well-known Schwinger's realization of su (2) in terms of two boson operators [27] : 
General tensor operators and states within the standard chain
Keeping with previous conventions [24] covariant su (2) states |jm and operators T 
and likewise for irreducible tensor operators (ITO)
[J z , T 
In the whole u(2) ⊃ su(2) ⊃ so (2) 
With equations (2, 4) it can be checked that a realization for the extremal components appearing in (5) 
with j = m 2 /2. In particular the standard covariant basis is obtained with (7) acting upon the vacuum state:
¿From the previous set (7, 8) one may build all functionally independent operators which may act within the irrep [n 0] of u(2) through
with
Their expansion in normal ordered form can easily be obtained; alternatively they may be written
where
hence j = (m
g j is a polynomial function of the u(2) linear invariant N 1 + N 2 given by:
We note that when j = j max , the operator (13) reduces to the identity and
the minimal covariant component of which is given by (6).
All phase conventions have been settled so that under hermitian conjugation ( †) and time reversal (K t ) we have
Matrix elements within the standard basis
With the Wigner-Eckart's theorem we have in terms of su(2) Clebsch-Gordan coefficients (CG) [30] :
where * denotes complex conjugation. The notation for the F symbols, which retains the full u(2) ⊃ su(2) labels, is useful when symmetry adaptation in a point group is performed. Reduced matrix elements (rme) for all operators are obtained with
Tensors adapted to an u(3) dynamical algebra
For the applications we have in mind, the initial assumptions are the following:
• A molecule, with point group symmetry G (G = C 2v ), admits in its full vibrational representation two non degenerate modes with close enough frequencies.
• The interaction of these modes with other vibrational modes is sufficiently low so that in first approximation it can be neglected. As a consequence a separate study taking into account the degrees of freedom associated with these modes only is possible.
• This study, made within the frame of an u(p+1) dynamical approach, requires the introduction of a dynamical or non-invariance u(3) algebra to which we associate the elementary boson operators {b
The algebraic chain
¿From the preceding assumptions the space of states is a carrier space for the so-called totally symmetric (or most [29, 31] . Then all operators which may act within this irrep are of symmetry [z, 0, −z] with z = 0, 1, . . . , N (see [24, 32, 33] for more details).
Those which are maximal in u(3) have the form:
where the α z,N coefficient is determined through the following normalization condition:
The notation |n 1 , n 2 , n 3 for the states is that of the u (3) canonical chain. |0, 0, N and |n, 0, N − n represent respectively the state with zero excitation quantum and the state with n excitation quanta maximal in u(2). Then the semi-maximal operators of the u(3) dynamical algebra write as:
where G(z, m 1 , m 2 ) is an operator valued function invariant in u(2) and defined by:
with u = inf (z − m 1 , z − m 2 ). From equations (6, 14) it appears the left member of equation (21) is, within a phase factor, the minimal covariant component of an ITO within the su(2) ⊃ so(2) chain. So from the results in section 2.1.1, and taking into account that
commutes with the su(2) ladder operators J + and J − , an arbitrary covariant operator is obtained through:
where the various labels may take the values 0 ≤ z ≤ N ,
The phase of the preceding operators have been chosen so
Matrix elements
The covariant states, associated with the representa- 
The matrix elements for operators (23) , computed in basis (26) , are then given by:
Using the expanded form (22) of G(z, m 1 , m 2 ) we obtain the rme in the form
where the remaining rme is given by (18) with m
Application to XY 2 molecules
We make the assumption that an appropriate dynamical algebra for the description of the vibrational spectrum of these molecules is u(3) S × u(2) B , where the indices S and B respectively refer to stretching and bending modes.
Below, we first specify the notations which are used in for each type of mode and next perform the symmetry adaptation in C 2v for states and operators.
Bending mode ν 2
Standard states and operators
For the Schwinger's realization of su(2) B we take (2): 
We may also set
Thus all results of section 2.1 can be used with the appro- 
with m
Their expanded expression in normal ordered form is:
With equations (17, 18) their matrix elements are
with for the rme
Symmetrization in C 2v
For the ν 2 mode with A 1 symmetry there is a priori
m are of A 1 species as well as any linear combination
a multiplicity index. However a consistent tensor formalism imposes some restrictions upon the G matrix.
The matrices for the irrep of C 2v , which reduce to characters, being real, the metric tensor may be chosen (and is usually chosen) identical to the identity. This traduces by:
for any symmetrized operator, and in particular for the elementary ones
For our problem we will not undertake a general discussion as was made for E modes [24] . For ν 2 we only need the similarity transformations upon time reversal, we see that we only need to determine
is (equation (30)):
(36)
• Symmetrized states. From equations (9,16) we have
If we set
we get symmetrized states invariant upon time reversal if
, thus a possible choice is:
which amounts to choose
• Symmetrized operators. Likewise from the properties (15, 16) under hermitian conjugation and time reversal of the standard tensors, it may be shown that we may built the hermitian symmetrized operators
with ε = 0, 1. Operators characterized by ε = 0 are invariant upon time reversal (resp. non invariant upon time reversal) for j b even (resp. j b odd); it is the reverse for
0A1 are all invariant upon time reversal. We may thus write an effective bending Hamiltonian:
• Matrix elements in the symmetrized basis. Several methods can be used for their computation. The simplest is to 6 use the general formalism, that is to perform the change of basis associated with the symmetrization process of states and operators in equation (33) . For the general operators we obtain
where the rme are those of equation (34); r stands for r ± = |m|ε or 0 according to the case and the symmetry adapted CG coefficients are given by:
where the last equality follows from (39). The analytical expressions for these coefficients together with those of the various matrix elements are given in Appendix A.
Stretching modes
ν 1 , ν 3
Standard states and operators
For the su(2) S Schwinger's realization we take:
where the indices i = 1, 2 are linked to the two bonds.
With regard to the notations of section 2.2 we make the substitutions N → N s , j → j s for the states and T → S for the operators. We have then with (26) (j s = n s /2):
We may also express these states in various forms replacing the S operator in (45):
We thus have the correspondence:
Arbitrary vibrational operators in the algebraic standard (2) chain are obtained from relations (22, 23) and the results for the covariant operators
m . All their matrix elements are given by equations (27, 28) . In particular, operators which are "diagonal in n s " are characterized by m 1 = m 2 .
Symmetrization in C 2v
The computations have been made with the conventions given in Table 1 . The indices i = 1, 2 being associ- 
ated with the two bonds we have:
where we set σ = σ v (yz) and σ ′ = σ v (xz). Hence the set
• Symmetrized operators. The relations in (48) allow first to determine the transformation laws of the standard tensors (10, 14, 23) (j = (m 1 + m 2 )/2):
where R = C 2 , σ; they are obviously invariant with respect to σ ′ . We may thus build the symmetry adapted tensors
with ε = 0 for Γ = A 1 and ε = 1 for Γ = B 1 . For m = 0 we simply have 
In equations (50, 51) θ is a phase factor to be fixed next.
In order to obtain a correct description (in terms of allowed symmetries in C 2v ) for the states associated with the irrep
[N0] of u(3), we must impose that b 
where the sum is limited to the values m = ±|m| (m = 0).
The choices for the phase factors have been made so that the operators (53) satisfy:
Under time reversal they are unchanged when m 1 or m 2 are zero and multiplied by (−1) j+|m|+ε when m 1 , m 2 = 0.
This leads to
With the results in this section, keeping terms which are diagonal in n s only, we may write the effective stretching
Hamiltonian:
with j s = m 1 and where the sum Σ * is over |m s | values such that j s + |m s | = m 1 + |m s | be even.
• Symmetrized states. These are obtained with equations (45, 46, 47, 53): Local states {n 1 , n 2 } n 1 = n 2 .
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Local states {n 1 , n 2 } n 1 = n 2 .
We have then |m| = 0 and still setting ε = 0 for Γ = A 1 and ε = 1 for Γ = B 1 :
With our phase convention they are all invariant under time reversal.
• Matrix elements in the symmetrized basis. They are obtained with a method similar to that used for the bending mode. From equation (27) the transformation to symmetrized states and operators gives
where we set |Ψ = |[N s0 ] [n s 0]j s |m|Γ and the rme are given by (28) with the appropriate label substitutions. The symmetry adapted CG coefficients are obtained with
with j = (m 1 + m 2 )/2, j 
Stretch-bend interactions
adapted to the study of isolated bending and stretching modes and which may appear in the Hamiltonian or transition moments.
Taking into account stretch-bend interactions introduces coupling operators which may be formally written
For our problem Γ b = A 1 and the CG for the C 2v group are trivial ; we thus simply have
with Γ s = A 1 for Hamiltonian terms. The operators (63) may be written in various manners depending on the case and also depending on what we mean to represent, for instance operators in the untransformed Hamiltonian or effective ones.
Method in the case of a polyad structure
The chosen dynamical algebra assumes
and we have to take into account in the effective Hamiltonian the resonance with the bending mode which determines the polyad structure. We assume
Within our formalism the operator N 1 + N 2 =n s , with eigenvalue n s , represents the "number of quanta of stretching" operator ; N 4 with eigenvalue n 4 = n b the "number of quanta of bending" operator with
To a given P polyad we may associate the P operator
which may be expressed in terms of the IT O defined previously knowing that:
0A1
0A1 ); 9
An O operator which conserves the P quantum number associated with a given polyad must satisfy the condition [K, O] = 0, be of species A 1 and invariant upon time reversal if it belongs to the Hamiltonian expansion.
To determine the possible O operators it appears that it is better to work first in the standard algebraic chain
where the indicated symmetries are those of the states.
We thus start from the operator basis 
with k = 2 for the considered XY 2 molecules. This condition being independent of m s , it appears that, in order to determine hermitian interaction operators having also a determined behavior upon time reversal, it is preferable to keep the standard form for the bending operators and to take symmetrized operators for the stretching ones. We mainly have two cases:
In this case we can also take directly symmetrized bending operators, which gives the hermitian operators
satisfying upon time reversal (see sections (3.1.2, 3.2.2))
• m b = 0 ¿From the set (66) we may build the hermitian operators (equations (15, 54))
with τ = 0, 1 and where m b > 0 and m 1 > m 2 is assumed.
With the properties established in sections (3.1.2, 3.2.2))
one shows that
where case (a) (resp. (b)) is for m 2 = 0 (resp. m 2 = 0).
First operators in the Hamiltonian for k = 2
Since the operators B only differ from the B ones through a constant function within the irrep [N b 0], we can make in equations (68, 69) the substitutions
to define the terms (and the parameters) of the effective
Hamiltonian.
• 
We thus obtain:
2 + h.c.
with z = 1, 2 · · · . The operators with z > 1 are anharmonicity corrections to those obtained for z = 1.
We find next:
2 − h.c.
with z = 2, 3 · · · .
We also have other possible operators
±2 with m 4 > 2 in (70-72) ; we restrict here to those which are of lowest degrees in creation and annihilation operators and which will be used in the next section.
Application to D 2 S
Effective stretching Hamiltonian
Up to the second order, that is for z ≤ 2, the general expansion (57) involves terms with the following values for the labels
With the results of sections 2.2.1, 3.2.2, H S can be written in terms of elementary boson operators as
For the fitting procedure, it can be rewritten to the more convenient form: 
Effective bending Hamiltonian
The general expansion (41) may also be written, using the results in section (3.1.2): 
with the effective parameters:
For instance up to second order we have: (78)
where the last form has a clearer physical meaning, with parameters β 0 , β 1 given by:
b .
Effective stretch-bend interaction operators
As noted before these interaction operators may be divided in two groups. In the first one we have products of stretching and bending operators diagonal with respect to n s and n b . In the second one are those obtained from the properties of the u(3) S and u(2) B dynamical algebras and which take into account the approximate resonance between the stretching an bending modes. Keeping only operators of lowest degree the stretch-bend effective Hamiltonian can be expressed as (equations (68), (70)):
It is worth to analyze more deeply this last operator which indeed traduces the resonance
Thus the Hamiltonian matrix, already divided into two A 1 and B 1 blocks , is subdivided into sub-blocks characterized by the polyad number P = 2(n 1 + n 2 ) + n b . Within each We already defined a similar operator adapted to XY 3 pyramidal molecules in [34, 35] and already proved that this operator does not require the knowledge of N s and N b for low values of the quantum numbers n 1 , n 2 and n 3
as it physically must be near the minimum of the potential function.
Numerical application
To illustrate the efficiency of our formalism, we apply it to the deuterate hydrogen sulfide. The hydrogen sulfide molecule and its isotopic species are of interest for terrestrial atmospheric pollutant measurements. They are involved in the study of planet atmospheres and appear in the analysis of interstellar medium. Also, hydrogen sulfide is a good candidate to apply local mode models. We restrict here to the D 2 S molecule but will present a comparative analysis with other XY 2 molecules in a next paper.
Renaming, for simplicity, the parameters a i (i=0, ...,7), the best fitted Hamiltonian is defined as follows:
However, taking into account the N s and N b quantum numbers, there are 10 parameters to determine in our model since the value of these numbers appears explicitly in the matrix elements of O II SB . To obtain the optimum values of these quantum numbers, we simply operate as follows. An initial set for the parameters a for the stretching levels when n s quanta are localized on one bond and for the bending levels:
As for any anharmonic potential (Morse or modified Pösch-Teller for instance) the n max value of the vibrational quantum number is given by the extremum of the E s . It would be quite unrealistic to pretend that our model is capable to reproduce isolated stable states within the continuum.
Another [36] : 
where d and p are respectively the number of experimental data and the number of parameters included in the fit.
It soon appeared that this indicator was rather insensitive to the N b value in a rather large range. A similar effect was already noticed in previous studies of pyramidal molecules [35] . On the other hand using the initial Table 2 (these are given with values in parentheses which are 1σ statistical confidence intervals in units of the last digits).
Finally we compared the experimental dissociation energy with the value calculated from our model. This was done in two ways. First, removing all off-diagonal terms in the Hamiltonian (81), the energy of the |24, 0, 0 A 1 (or 
Both methods lead to similar values also consistent with the experimental results.
Experimental and calculated energies of D 2 S vibrational levels are given in Table 3 to the initial basis given in columns 1 and 3. We mention that all the experimental data used in the present paper are reported in [14] .
Conclusion
We developed a formalism which allows a complete description of vibrational modes in local XY 2 type molecules.
Stretching, bending, interaction and transition operators have been built and analytical expressions for their matrix elements established in the chains u(2) ⊃ su(2) ⊃ so (2) and u(3) ⊃ u(2) ⊃ su(2) ⊃ so (2) . Next a full symmetry adaptation in the C 2v molecular point group has been performed. This formalism has been applied to the 
As a result:
• For r = 0 we obtain the CG (43) 2) and for the matrix elements (42):
• For r = |m|ε. With (A.1) we obtain in this case for the CG (43)
This last expression is to be taken with m > 0 (one can also set |m| in the CG). We then have for the matrix elements (42):
where we took into account that the su(2) standard CG are real.
B. Symmetry adapted Clebsch-Gordan coefficients for ν 1 , ν 3
We give below the symmetry adapted CG coefficients used in the study of stretching modes. They are obtained from equations (55, 56, 62). The remaining standard su (2) coefficients are taken from [30] .
• |m| = |m
This condition implies n 
As it is known the CG on the second line in non zero only
s is even which corresponds to the selection rule Γ = A 1 .
It is easily checked that all F coefficients are zero in these cases.
• |m| = 0, |m
We note that the factor 1 + (−1)
In fact for the CG to be non zero we must have (−1)
• |m
In this case we necessarily have j ε+ε ′′ appears in the computation, which is equivalent to Γ = Γ ′′ . We find
This case is similar to the preceding one. We necessarily have j ′′ s integer so n ′′ s even and Γ ′′ = A 1 . Here again a factor 1 + (−1) ε+ε ′ appears in the computation, which is equivalent to Γ = Γ ′ . We obtain
We underline that in equations (B.2, B.3, B.4) the su (2) CG in the right member is to be taken with m (or m ′ )
positive.
• |m ′ | = 0, |m ′ | = 0, |m ′′ | = 0.
In all cases a coefficient 1 + (−1)
′′ appears in the calculation, which traduces the selection rule Γ ′′ = Γ × Γ ′ .
We obtain the following non-zero coefficients: 
